Abstract-The exchange of power between two identical coupled waveguides with embedded periodic structure along the z direction is studied in the framework of Floquet-Bloch theory. A one-period propagator is calculated and a spectrum of its eigenvalues (eigenphases) is studied. We show that due to special symmetry properties of the Floquet-Bloch operator, a strong enhancement or a total suppression of power exchange can be obtained. The power exchange control is realized by the interaction of lowest order waveguide modes with high-order modes. A numerical example is presented in which the beat length is shortened by more than five orders of magnitude.
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I. INTRODUCTION

D
IRECTIONAL couplers are important for many applications in optical communications and integrated optics. They can be used as power dividers, wavelength filters, or for light switching and modulating [1] - [11] . In its simplest form, a directional coupler consists of two parallel dielectric waveguides in close proximity. The power coupling is based on optical interference, or beating, between the modal fields of the waveguides, such that a light wave launched into one of the waveguides can be coupled completely into the opposite guide [1] , [2] .
For weakly guiding planar structures, where the polarization of the waves can be neglected, the scalar field satisfies the scalar Maxwell equation [2] (1) where describes an optical wave characterized by the propagation constant propagating in a medium with the refractive index distribution . The waveguide is weakly guiding if the refractive index of the cladding ( ) and that of the core ( ) are very close or, equivalently, if the profile height parameter is small . Equation (1) can be further simplified if a slow -dependence of the refractive index is assumed. In that case, can be written as (2) where is the wavevector in the cladding with refractive index and is a weakly -dependent function. By substituting (2) into (1) and neglecting the second derivative of over , one obtains a paraxial wave equation (see, for example, [12] - [16] ) (3) Equation (3) is formally equivalent to the time-dependent Schrödinger equation, where plays the role of time and is the analog of the time-dependent potential interaction. The optical beating in waveguiding structures has the quantum mechanics analogy of the tunneling phenomenon in which the quantum particle can "penetrate" through the classically forbidden region due to the interference effects. In recent years, significant progress has been made in the study of tunneling in quantum systems driven by an external time-periodic electric field [17] - [24] . The studies concentrated on chaos-assisted tunneling phenomenon in quartic double-well potential systems [19] - [21] , [23] , [24] and on the relation between dynamical tunneling and classical chaos [17] , [18] , [21] , [22] , [24] as well as on the effects of the external field on the tunneling rates and features [19] , [20] , [22] .
Borrowing the general concept of the influence of timedependent perturbation on tunneling rates in quantum mechanics, we study the effect of embedded periodic structures on the beat length in optical waveguides.
We studied a waveguide structure composed of two identical Gaussian graded waveguides in proximity to each other, i.e., (4) Smooth index of refraction profile rather than a step profile was chosen to facilitate the analysis. Substitution of (4) into (3) leads to 10 m, 10 m, and 0.015 m is plotted in Fig. 1(a) .
The ideal modes of the waveguide satisfy the following eigenvalue equation: (7) where (8) and the propagation constants
. The values of for trapped modes are shown in horizontal lines in Fig. 1(a) . The trapped modes of the structure with the refractive index profile shown in Fig. 1(a) can be divided into two classes. One class has the modes with values lower than [two modes with the lowest , i.e., the highest propagation constants, are plotted in Fig. 1(c) ]. These modes form even-odd pairs such that the difference in values within each pair is much smaller than the differences between the average of the values of the adjacent pairs. Such modes are localized near the waveguides centers ( and ) and essentially vanish in between ( ). The other type is highorder trapped modes with , which do not form pairs and are "common" modes of the two waveguides, i.e., they are spread over the two-waveguide structure. One such mode is plotted in Fig. 1(b) .
For -independent refractive index, (5) is separable in and and therefore the solution is given by (9) where is a projection of the initial state onto the trapped mode and is the infinite cross section. If one takes as an initial state at a linear combination of the two lowest order trapped modes [ Fig. 1(c) ] such that the field is localized in the right waveguide (sum field) (10) then, because of the orthonormality of , the -dependence of the optical wave is given by (11) A difference field localized in the left waveguide is defined as (12) Since and are spatially far apart, one can define the directional coupling probability as (13) Substituting (11) into (13), one obtains that the directional coupling probability is given by (14) Therefore, the light power [defined as ], initially localized in the right waveguide, couples to the left one and the complete exchange of light power is obtained at (beat length). Since (weak guidance limit), and the beat length is (as in [1] , [2] ). In our studied case, values corresponding to and are very close and the splitting is very small: , which results in a beat length of more than 5 km. We emphasize that the numerical example presented here is not demonstrating the possible improvement of the performance of the existing directional couplers (in which the beat length is typically of the order of a centimeter), but rather suggesting a mechanism of directional coupling enhancement in a waveguide in which the directional coupling does not occur (i.e., for extremely large beat length case). However, the same principle can be applied where the unperturbed beat length is much smaller.
Grating-assisted directional couplers, in which the periodic thickness variations are used, are known [1] , [3] , [5] - [11] . They are usually employed in nonsynchronous couplers (e.g., in coupled waveguides with nonidentical core refractive indices) in which the power transfer from the initial waveguide adds itself out-of-phase to the already existing one. Here, we study the effect of the embedded periodic structure on the beat length in synchronous couplers which do not require a grating to obtain a complete power transfer (14) . The embedded periodic structure can be induced either by using nonreal-time methods-a fixed periodic structure and a possible control of the structure functionality is gained by changing the refractive index profile of the waveguide structure using the electrooptic effect, or by using real-time methods-such as acoustic waves that are launched into the media to produce transient pressure waves.
We consider a -dependent refractive index model such that (15) where . In this model, the indices of refraction do not change as function of , but the structure is bent periodically with a frequency and an amplitude . In contrast to the well-known case of Bragg reflectors, we consider here grating periods which are much larger than the wavelength. In addition, the grating amplitude should be small compared to the transverse dimensions of the waveguide structure. If both these conditions are kept, polarization and back-reflection effects can be neglected. A similar situation can be realized if slow and small periodic variations of the refractive index as a function of are imposed on the structure.
In all our numerical studies, we kept the grating period fixed at the value 50 m and was varied between 0 and 6.0 m. For a -dependent refractive index, (5) is no longer separable and in the next section we study the solution of (5) using the Floquet-Bloch theorem (see, e.g., [11] , [12] , [25] , [26] ).
II. FLOQUET-BLOCH STATES AND EIGENPHASES
For defined in (15) , one can write (5) as (16) where (17) is periodic with a period . According to the Floquet-Bloch theorem, the solution of (16) is given by (18) where is periodic in :
The quasi-stationary solutions (Floquet-Bloch states) and eigenphases are, respectively, the eigenfunctions and the eigenvalues of the Floquet-Bloch operator (20) where (21) A general solution of (16) can be written as (22) where (23) is a projection of the initial state onto quasistationary eigenstates at . The Floquet-Bloch solutions are associated with the eigenvalues and the eigenvectors of a one-period propagator (24) where (25) Since , therefore and, (26) The eigenphases can be obtained once the one-period propagator is diagonalized. Since 's are defined modulo , they are mapped into the first Brillouin zone, i.e., . The Floquet-Bloch states are classified according to the maximal overlap with ideal modes [see (7)], i.e., with maximal . The details of the calculation can be found in the Appendix.
III. INTERMEDIATE-MODE-ASSISTED COUPLING
We are interested in an initial state which is localized in one of the waveguides, namely [see (10) ], (27) The optical wave being a solution of (16) is given by (22) and (23) . For grating periods which are much larger than the optical wavelength (50 and 0.75 m, respectively, in our studied case) and for small grating amplitudes, the quasi-stationary solutions are close to the stationary eigenmodes of the unperturbed waveguide, and the main contribution to is from two quasi-stationary states:
(28) where and are quasi-stationary solutions that correspond to the almost degenerate pair of lowest order modes . In such a case, the beat length is related to the splitting between the two corresponding eigenphases (29) The values of as a function of the grating amplitude are shown in Fig. 2 . The function has three important features: 1) for 2 m, the eigenphase splitting grows significantly as grows; 2) for specific values of , the splitting exhibits local maximal values associated with the (29) as a function of the grating amplitude 0 calculated using (25) and (26) . 1 and 2 are defined as eigenphases of Floquet states which correspond to two almost degenerate lowest order modes 1 (x) and 2 (x) shown in Fig. 1(c) . The inset is a zoomed view near 0 =0to show the splitting value in the unperturbed waveguide. The eigenphases splitting (on a logarithmic scale) (dashed line) calculated using the second-order perturbation theory (47).
peaks in the plot; and 3) for specific values of , the splitting vanishes.
One can use the perturbation theory to estimate the eigenphases splitting growth. The eigenphases are the eigenvalues of the Floquet-Bloch operator (20) . In the framework of perturbation theory , is written as (30) where is an operator for which the solution is known (or simple to obtain) and is a small correction (or perturbation) to the unperturbed operator (see, for example, [27] ). The zeroth-order approximation to the eigenfunctions and to the eigenvalues of is given by (31) Introducing the perturbation matrix (32) one obtains the approximation up to the second-order to the eigenvalue of (33) where (34) and (35) The efficiency of the perturbation expansion depends on the choice of . A good choice is to look at the Fourier components of the -dependent refractive index [28] , i.e.,
where is given by
The unperturbed operator is taken as (38) and (39) In that case, the zeroth-order approximation to the Floquet-Bloch states and to the eigenphases is given by (40) and (41) where are the eigenmodes in the effective one-period averaged refractive index 
The second-order approximation to the eigenphases splitting is shown as the dashed line in Fig. 2 . As one can see, the result obtained using the second-order perturbation theory with as in (38) agrees well with the numerically exact eigenphases splitting, except at the points of local maxima in the plot, for which the perturbation theory diverges. In the framework of the second-order perturbation theory, the splitting growth is governed by two terms [see (47)]. The first ( ) is due to the change in effective averaged refractive index as a result of the periodic perturbation and the second ( ) is due to the coupling of the two almost degenerate lowest order modes to high-order modes of the two-waveguide structure. For small grating amplitudes ( 3 m), the second term dominates. Analyzing the second term contribution, one can see the importance of the "common" modes of both waveguides [as that in Fig. 1(b) ]. For the eigenphases splitting to grow one of the two almost degenerate lowest order modes should be coupled to the intermediate mode and the other one should not. Since the eigenmodes of two waveguides form almost degenerate pairs of different symmetry, it is possible only when one of the two modes is coupled to a third highorder mode which does not have a very close mode with a different symmetry. Only the "common" modes of the overall waveguide structure satisfy that criterion.
In Sections III-A-C, we study different regimes of the intermediate-mode-assisted directional coupling, based on the structure of the eigenphases splitting shown in Fig. 2 . We study the contribution of quasi-stationary solutions to the -dependent solution of (16) and in order to illustrate how the quasistationary solutions and the eigenphases are related to the behavior of the solution of (16), we propagate the initial state defined in (10) using the beam-propagation method (BPM) [29] , [30] . We calculate the directional coupling probability, which [since and are spatially distinct] is given by (13) . We estimate the optical losses by calculating the total optical power as a function of (48) i.e., the optical loss .
A. Enhanced Directional Coupling
To illustrate the directional coupling enhancement, we study the solution of (16) for a grating amplitude 2.0 m. From Fig. 3(a) one can see that for 2.0 m there are two dominant Floquet-Bloch states in the expansion of the initial state. Thus, the behavior of the solution of (16) is governed by these two almost degenerate states, i.e., 
Thus, in the case where two quasi-stationary modes dominate the expansion of the initial state, the beat length is inversely proportional to the splitting between the two corresponding eigenphases
where is defined in (29) . As one can see in Fig. 2 , the splitting between the first pair of quasi-stationary solutions has grown from 10 to 10 . Therefore, one should expect a significant decrease of the beat length in this case. However, due to the grating, the initial state may couple also to radiative modes that gives rise to optical losses. The modal losses can be included in the two-mode approximation (51) by multiplying the power carried by each mode ( )b y , where and are the phenomenological attenuation coefficients of the two modes. In that case, (51) becomes (54) Similarly, the total optical power (48) is given by (55) To calculate and , one can use the complex coordinate method [31] in which the analytical continuation of the -coordinate to the complex plane allows to calculate the attenuation coefficients of each mode [15] . In this paper, we estimated the attenuation coefficients using the total optical power calculated by the beam-propagation method, with absorbing boundary conditions. For grating amplitude 2.0 m, the attenuation coefficients and are very small, i.e., the coupling to the radiative modes is not sufficient, and, therefore the total optical power is conserved during the propagation distance [see Fig. 3(b) ]. The directional coupling probability and the optical wave propagation are shown in Fig. 3(b) and (c), respectively. As one can see, indeed, for a grating amplitude of 2.0 m, the optical power, initially localized in the right waveguide, is transferred to the left one after 135 cm. The comparison of the beat length obtained by the direct solution of (16) using BPM [see Fig. 3(b) ] is in good agreement with given in (53), i.e., with the beat length calculated from the eigenphases splitting. In this case, the beat length was shortened by more than three orders of magnitude.
B. Resonant Enhanced Directional Coupling
Looking first at the symmetry properties of the Floquet-Bloch operator, as we saw in (20) , the eigenphases are the eigenvalues of (56) The Floquet-Bloch type operator bears a special symmetry. The generalized parity transformation , leaves invariant. Thus, the Floquet-Bloch functions, being eigenfunctions of , can be classified into states of even and odd parity. As a result, crossing between solutions with different symmetry and avoided crossing between solutions of the same symmetry are obtained as the grating amplitude is varied. In Fig. 4 , the eigenphases' spectrum as a function of is magnified around 2.3788 m, which corresponds to the first peak of the splitting growth in Fig. 2. Fig. 4 shows three "trajectories" of eigenphases as a function of .T wo of them (labeled 1 and 2) form a pair of almost degenerate Floquet-Bloch states that corresponds to the even-odd pair of modes with lowest , shown in Fig. 1(c) . The third one (labeled 3) corresponds to one of the Floquet-Bloch states that evolved from the high-order mode shown in Fig. 1(b) . The two almost degenerate states have a different parity and (20) and (25) . The plot is zoomed near 0 = 2.3788 m associated with the first local maximal value of eigenphase splitting shown in Fig. 2 . The eigenphase trajectories labeled 1 and 2 belong to two Floquet-Bloch states which correspond to two almost degenerate trapped modes 1 (x) and 2 (x) [see (7) and Fig. 1(c) ]. The eigenphase trajectory labeled 3 belongs to the third Floquet-Bloch state which corresponds to the trapped mode shown in Fig. 1(b) . the third has the same parity as one of them. Since two states with identical parity cannot cross, the avoided crossing occurs with only one of them. As a result, the two states mix, leaving the third one unaffected. The three Floquet-Bloch states for different values of in the vicinity of the avoided crossing are shown in Fig. 5 . As a result of the mixing, the splitting grows significantly (two orders of magnitude as shown in Fig. 2 ) and reaches its maximum value at the avoided crossing point, 2.3788 m. In Fig. 6(a) , we plot the contribution of the quasi-stationary solutions to the -dependent solution of (16) . As one can see, for m, there are three dominant Floquet-Bloch states. Therefore, the solution of (16) is approximately given by
where are defined in (50) and (58) since and are of the same symmetry. Substitution of (57) into (13) leads to the following expression for the directional coupling probability in the framework of a three-mode approximation:
At the avoided crossing point (see Figs. 4 and 5) , and mix, and , where . Since far from the avoided crossing point , we get . Therefore, at the avoided crossing point,
Due to the mixing, , and therefore . Thus, substituting (60) into (59), one obtains (61) Since is not affected by the mixing, 0.5 and 0.25 [see Fig. 6(a) ]. Under these conditions, (61) becomes (62)
As one can see, although near the avoided crossing point three Floquet-Bloch states contribute, at the avoided crossing point the third mode does not effect the directional coupling probability directly, and the beat length is given by (53) . The beat length is thus inversely proportional to the splitting between the two eigenphases of the two almost degenerate states. At the avoided crossing point, the splitting between the corresponding eigenphases grows significantly due to the interaction between one of the modes with the third one (see Figs. 2 and 4) . Therefore, the beat length is further shortened. The optical wave propagation for 2.3788 m is shown in Fig. 6(b) . The optical wave, initially localized in right waveguide, couples to the third mode, which is one of the "common" high-order modes of the waveguide structure, and after about 3.7 cm the power is almost totally localized in the left waveguide. Therefore, for 2.3788 m the beat length is more than five orders of magnitude shorter than that for the unperturbed waveguide. The beat length obtained using the BPM is again in good agreement with the beat length calculated from the eigenphases splitting. However, for 2.3788 m, the directional coupling is not complete due to optical losses. Similarly to the two-mode approximation, the coupling to the radiative modes can be included into the model as (63) and (64) where is the attenuation coefficient of the unmixed mode and is the attenuation coefficient of the mixed modes and . Far from the avoided crossing point, the attenuation coefficients of two almost degenerate modes and are very similar and they are much smaller than the attenuation coefficient of the third mode . This is due to the fact that the propagation constant of the third high-order mode is closer to the cutoff (i.e., closer to zero), and therefore the coupling of this mode with radiative modes ( ; ) is much more efficient. For grating amplitude 2.3788 m, one of the almost degenerate modes couples to the third mode, and they become equally populated, such that . Therefore, since , for small propagation distances, and for intermediate distances,
[see Fig. 7(a) ]. At these distances, the second and the third mode disappear, and only the uncoupled mode ( ) remains. The total optical power for 2.3788 m is shown in Fig. 7(b) . The optical loss is due to two (fast and slow) exponentials, such 1.5 10 m and 2.5 m . In the insets of Fig. 7(a) and (b) , the numerical solution obtained using the BPM is compared with (63) and (64). As one can see, the results quantitatively agree.
To summarize, we showed that the resonant intermediate mode coupling can enhance the directional coupling significantly (by more than five orders of magnitude in our example). The enhancement occurs when the amplitude and the frequency of the grating are such that the difference between the eigenphases of the even-odd pairs of modes and intermediate interacting mode is equal to .
C. Suppressed Directional Coupling
As one can see in Fig. 2 , for specific values of the splitting between the first pair of eigenphases vanishes. Since the first pair of Floquet-Bloch states have different parity, the two corresponding eigenphases can cross. When this happens, the directional coupling can be totally suppressed. In our studied case, for example, for 4.0 (see Fig. 2 ), the corresponding eigenphases cross, and since the contribution of the two Floquet-Bloch states is still prevalent (not shown), thedependent solution of (16) is very close to a linear combination of two exactly degenerate eigenstates of the Floquet-Bloch operator. Such a linear combination is an eigenstate of the Floquet-Bloch operator. Therefore, the optical wave initially localized in the right waveguide will not cross to the left one. Since a small coupling to radiative modes exists, the power will eventually be lost, but after 3 m of propagation the loss is still negligible (not shown). We emphasize that the effect of the directional coupling enhancement and suppression shown here is based on moderate gratings (i.e., grating periods which are much larger than the optical wavelength and small grating amplitudes). For small periods and large grating amplitudes, the quasi-stationary solutions will be significantly different from the eigenmodes of the unperturbed waveguide and a large number of the quasi-stationary solutions will contribute to the -dependent optical wave. In addition, in this case the paraxial approximation may fail and back reflection effects may become significant.
IV. CONCLUSIONS
An efficient power coupling can be obtained in directional couplers consisting of two identical waveguides by the use of periodic grating with a long period and small amplitude, avoiding the need for tapering. The mechanism suggested here can be applied for controlled optical power transfer in integrated optical devices. The phenomenon is based on the symmetry of the optical modes. An initial state which is localized in one waveguide and is a linear combination of even and odd modes interacts with a third high-order mode, such that two modes with the same symmetry are strongly coupled. One can find specific values of grating amplitude at which the directional coupling is most efficient such that the beat length is shortened by many orders of magnitude (5 in our studied case). The numerical study was performed in the framework of the paraxial approximation. Since the effect is based on moderate gratings, this approximation should be valid. The extension of the study beyond the paraxial approximation is out of the scope of this paper and is currently under study.
APPENDIX
In order to calculate the Floquet-Bloch states and the eigenphases (20) , the Floquet-Bloch operator is represented by a matrix using basis functions ( ,
and (66) where is the width of the cladding. The , element of the two-dimensional matrix representation of is given by The Floquet-Bloch states and the eigenphases are obtained by the diagonalization of the one-period propagator (24) . Using the method developed by Peskin and Moiseyev [32] , one can show that the solution of (70) can be obtained as (77) i.e., by successive application of a one-step propagator, where and is the periodic length of the grating. The matrix representation of the propagator is given by (78) where the matrix is given by (79) and is the Floquet-Bloch matrix defined in (75). From (78) one can see that only the calculation of a middle block column of the matrix is required (which is due to the fact that the initial state is -independent [15] , [32] ). Therefore, the use of the method reduces the number of Floquet-Bloch channels that are needed to get converged results. In our studied case, for all amplitudes of grating studied, 201 Fourier basis functions in -coordinate (66) and 7 Floquet-Bloch channels ( ) (65) were enough to get converged results. The one-period propagator was calculated using 1000 -steps.
